Published by Institute of Physics Publishing for SISSA/ISAS Received: April 11, 2003 Accepted: April 28, 2003

Fermions, T-duality and effective actions for D-branes in bosonic backgrounds

Donald Marolf

Physics Department, Syracuse University Syracuse, New York, 13244, USA E-mail: marolf@physics.syr.edu

Luca Martucci and Pedro J. Silva

Dipartimento di Fisica dell’Università di Milano and INFN, Sezione di Milano Via Celoria 16, I-20133 Milano, Italy E-mail: luca.martucci@mi.infn.it, pedro.silva@mi.infn.it

Abstract: We find the effective action for any D-brane in a general bosonic background of supergravity. The results are explicit in component fields up to second order in the fermions and are obtained in a covariant manner. No interaction terms between fermions and the field f = b + F , characteristic of the bosonic actions, are considered. These are reserved for future work. In order to obtain the actions, we reduce directly from the M2-brane world-volume action to the D2-brane world-volume action. Then, by means of T-duality, we obtain the other Dp-brane actions. The resulting Dp-brane actions can be written in a single compact and elegant expression.

Keywords: M-Theory, D-branes, Supersymmetry and Duality, Superspaces.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep042003051 /jhep042003051 .pdf

Contents

1. Introduction 1

2. Normal coordinate expansion for the M2-brane 2

3. M2 reduction to D2 4

4. T-duality rules 6 4.1 T-duality rules for background fields 7 4.2 T-duality rules for pulled-back quantities 9

5. Dp-brane actions 9

6. Summary 12

A. Spinor conventions and Γ matrix algebra 13

B. Supergravity 14 B.1 11D supergravity 14 B.2 10D supergravity 16

C. Useful formulas for pulled-back fields 17 C.1 From Dp to D(p+1) 17 C.2 From D(p+1) to Dp 18

1. Introduction

In order to perform typical field theory calculations in the world-volume of the D-brane, one would like to a find convenient form of the D-brane action in general bosonic supergravity backgrounds. We present such a form in this work, neglecting interactions between fermions and the characteristic field combination f = b + F . Up to such terms, these actions are by construction k-symmetric, supersymmetric^1 and in addition they obey the various dualities of M-theory. For example the D3-brane action is self-dual. Because we allow for general curved bosonic backgrounds and the RR and NS fields act as coupling constants for the world-volume theory, the theory defined on the brane is a field theory in curved space-time with local coupling constants.

1In order to obtain a world-volume field theory with rigid supersymmetry one must fix both k-symmetry and static gauge for the coordinates. The supersymmetry transformations are those operations that compensate for k-symmetry, gauge transformations and world-volume reparametrizations in order to preserve the chosen gauge conditions. The corresponding discussion will appear in a separate work [1].

– 1 –

The expansion of the supersymmetric D-brane action in component fields is a nontrivial task, particularly if one uses the so called “gauge completion” technique (see [2, 3] for some references where this method has been used). This method is based on a laborious comparison order-by-order between component supersymmetric transformations and superspace coordinate transformations. The numerous non-covariant gauge completions and the lack of an iterative method make the treatment very difficult and tedious, even at linear order. In fact, no complete expansion in general supergravity backgrounds has been obtained^2 using this technique for any of the branes (including the M2-brane). The complications only increase at higher orders.

On the other hand one may use the so called “normal coordinate expansion” [5]. This technique allows one to expand the superfield action to any order in the 32 fermions such that each term in the expansion is covariant. This technique has been used for the expansion of the heterotic superstring action and for the derivation of the superspace density formula. More recently, it has been used for the expansion of the M2-brane up to quartic order [6] and for the type IIa/b fundamental strings up to quadratic order [7].

We are interested in the world-volume theory for various branes of M-theory. We will begin with the 11D supermembrane, for which the supersymmetric action has been expanded by Grisaru and Knutt in fermionic coordinates up to quartic order in general backgrounds of 11D supergravity. We then dimensionally reduce the space-time to obtain the D2-brane action in the 10D type IIA theory. In doing so, a world-volume duality is needed to recover the usual Yang Mills degrees of freedom in the D2-brane. Then, by means of T-duality, we obtain all the abelian D-brane actions.

Section 2 is a short review of the expansion of the supersymmetric M2-brane and a brief introduction to normal expansion techniques. Section 3 deals with the reduction of the second order expanded M2-brane action to obtain the corresponding D2-brane action. Section 4 is a comprehensive instruction manual for performing T-duality on such actions. Section 5 gives the final form of the Dp-brane actions up to second order in the fermion expansion. Appendix A fixes our conventions for spinors and the gamma matrix algebra, appendix B gives the 11D supergravity constraints, the zero order component fields and the 10D supergravity conventions while appendix C gives some useful formulas for T-duality.

2. Normal coordinate expansion for the M2-brane

In a superspace formalism, the supercoordinates z^M decompose into bosonic coordinates x^m and fermionic coordinates θ^μ. Here we also introduce a similar decomposition for tangent space vectors y^A, with A = (a, α):

z^M = (x^m, θ^μ) , y^A = (y^a, y^α) . (2.1)

2There is an expansion up to second order [2], but that work does not obtain the complete set of second order terms. There are also closed results for a few bosonic backgrounds like AdS5 × S^5, AdS3 × S^7, AdS7 × S^3 and certain plane waves [4].

– 2 –

The normal coordinate expansion is a method based on the definition of normal coordinates in a neighborhood of a given point z^M of superspace. The idea is to parameterize the neighboring points by the tangent vectors along the geodesics joining these points to the origin. Denoting the coordinates at neighboring points by Z^M and the tangent vectors by y^A, we have Z^M = z^M + Σ^M (y) , (2.2)

where the explicit form of Σ^M (y) is found iteratively by solving the geodesic equation. Tensors at the point Z^M may be compared with those at z^M by parallel transport. In this sense, the change in a general tensor under an infinitesimal displacement y^A is

δT = y^A∇_AT . (2.3)

Finite transport is obtained by iteration. In this way we may consider the corresponding expansion in the operator δ for any tensor in superspace. For example, consider the vielbein E^A_M E^A_M (Z) = E^A_M (z) + δE^A_M (z) + 1 2 δ^2E^A_M (z) + · · · . (2.4)

In particular one finds the following fundamental relations by means of which one can expand any tensor iteratively to any order (see for example [6]), δy = 0 , δE^A = ∇y^A + y^C E^B T^A_{BC} , δ∇y^A = −y^BE^C y^DR^A_{DCB} , (2.5) where T is the torsion and R the Riemann tensor.

In our case, we are interested in an expansion up to second order around a bosonic background of 11D supergravity. We therefore set z^M = (x^m, 0) and y^A = (0, y^α). By means of the 11D superconstraints (see appendix B), one finds the following formulas:

δE^a = 0 , δE^α = Dy^α + y^βe^bT^α_{bβ} , δ^2E^a = −i(y^αΓ^a_{αβ}Dy^β + y^αy^βT^γ_β Γ^a_{γα}) , δ^2E^α = 0 . (2.6)

At this point, in order to obtain the expanded M2-brane action in component fields, we simply take the M2-brane supersymmetric action, perform substitutions using equations (2.3)– (2.6) discard terms above second order in Fermions.

The supermembrane action is, S = −T_{M2} ∫ d^3ξ √ det(−G) − T_{M2} 6 ∫ d^3ξε^{ijk}A_{kji} , (2.7)

where i = (0, 1, 2), T_{M2} = (4π^2l^3_p)^{−1}, l_p is the 11D Plank length, (G,A) are the pull-back to the supermembrane of the metric and 3-form super-fields of N = 1 11D supergravity.

– 3 –

The normal coordinate expansion to second order in fermions yields

S = S^{(0)} + S^{(2)} , (2.8)

S^{(0)} = −T_{M2} ∫ d^3ξ √ − det(G) − T_{M2} 6 ∫ d^3ξε^{ijk}A_{kji} , (2.9)

S^{(2)} = iT_{M2} 2 ∫ d^3ξ { √ − det(G) [ ȳΓ^i∇_iy + ȳT_iΓ^iy ] − 1 2 ε^{ijk} [ȳΓ_{ij}∇_ky + ȳT_iΓ_{jk}y] } , (2.10)

where (G, A) are the bosonic pull-back of (G,A), y is a real Majorana 32 component spinor, Γ_i are pull-backs of real gamma matrices, ∇_i is the pull-back of the usual spinor covariant derivative, and T_a = 1 288 ( Γ^{bcde}_a + 8δ^b_aΓ^{cde} ) H_{bcde} , (2.11) with H = dA. The above action is a truncation of the 4th order expansion found in [6].

The fermionic part of action S^{(2)} can be rewritten in the more compact and suggestive form, S^{(2)} = T_{M2} ∫ d^3ξ √ −G ( iȳP_−Γ^iD̂_iy ) , (2.12)

where

P_− = 1 2 ( 1 − 1 3! √ −G ϵ^{ijk}Γ_{ijk} ) , D̂_i = ∇_i − 1 288 ( Γ^{bcde}_i − 8δ^b_i Γ^{cde} ) H_{bcde} . (2.13) We would like to remark that this action is by construction supersymmetric and k-symme-tric up to second order.^3

3. M2 reduction to D2

In this section we take the world-volume action of the supermembrane given in equations (2.9)–(2.12) and perform a dimensional reduction to obtain the superspace action for the type IIA D2-brane in 10D up to second order in y. We use hatted symbols for 11D indices and un-hatted symbols for 10D indices. As in the previous section we take a, b, c . . . = (0, 1, . . . , 9) as tangent space indices and m, n, o . . . = (0, 1, . . . , 9) as space-time indices. We also underline number indices corresponding to tangent space directions (i.e. Γ^0), leaving space-time indices unadorned.

Thus the bosonic space-time coordinates x^{m̂} split into (x^m, x^{10}), where all the background fields are taken to be independent of x^{10}. As usual, one chooses a local frame for the reduction in which one has the vielbein

E^â_{m̂} = ( e^{−ϕ/3}e^a_m −e^{2ϕ/3}C_m 0 e^{2ϕ/3} ) . (3.1)

3Detailed discussions on supersymmetry and k-symmetry will appear in [1]

– 4 –

Here e^a_m is the 10D vielbein in the string frame, C^{(1)} = dx^mC_m is the RR 1-form potential and ϕ is the dilaton. The 3-form potential of 11D supergravity A =^1_{3!} dx^{m̂} ∧dx^{n̂} ∧dx^{p̂}A_{p̂n̂m̂} decomposes into the RR 3-form potential C^{(3)} =^1_{3!} dx^m ∧ dx^n ∧ dx^pC_{pnm} and the NS two-form b^{(2)} =^1_{2!} dx^m ∧ dx^nb_{nm} in the usual form,^4 A_{mnp} = −C_{mnp} , A_{10 mn} = b_{mn} . (3.2) In order that the supercoordinate transformations of 10D superspace maintain the canonical form, we also use the customary rescaling of fermions

y −→ e^{− 16 ϕ}y (3.3)

in the reduction from 11D to 10D. Since we work with pull-backs to the membrane of the above fields, we define p_i = ∂_ix^{10} − ∂_ix^mC_m . (3.4)

Hence, the pull-back of the bosonic 11D metric G is written as,

G_{ij} = e^{−2ϕ/3}g_{ij} + e^{4ϕ/3}p_ip_j , (3.5)

where g is the 10D metric.

Let us now recall that the procedure to obtain the D2-brane action with its characteristic Yang-Mills field F = dA, is to add a term^1_2 ϵ^{ijk}(p_i + C_i)F_{jk}, in which F_{jk} appears as a Lagrange multiplier, to the reduced M2-brane action. One then takes p_i as an independent variable, solves for it using its equation of motion, and inserts the result back in the action. The reduction of the bosonic action S^{(0)} is known in the literature; here we just quote the result from [8]:

S^{(0)}_{D2} = −T_{D2} ∫ d^3ξe^{−ϕ} √ − det(g + f) + T_{D2} ∫ ( C^{(3)} − C^{(1)} ∧ f ) , (3.6)

where T_{D2} = (4π^2l^3_s g_s)^{−1} is the D2-brane tension, l_s is the string length, g_s is the string coupling, (C^{(1)}, C^{(3)}) are the pull-backs of the RR potentials in type IIA supergravity, f = F + b, F is the Yang-Mills world-volume field strength, and b is the pull-back of the NS-NS antisymmetric field.

We now turn to the reduction of our action (2.10). The resulting expresion contains interaction terms between the world-volume vector p_i and the fermions. These terms come from fluctuations of the membrane along the 11th dimension and along the fermionic directions y. However, the solution obtained above for p_i is of the form p_i ∝ ϵ_{ijk}f^{jk} +O(y^2). Thus, since we wish to neglect interactions between f and Fermions, we may in fact consider p_i to be of order y^2.

4We use the superspace convention for differential forms i.e. w^{(p)} =^1_{p!} dx^{m1} ∧ · · · ∧ dx^{mp} wm_p···m_1 .

– 5 –

After some lengthly algebra we find that the bosonic part of the 10D type IIA D2-brane action is equal to (3.6), while the second order fermionic part is given by

S^{(2)}_{D2} = iT_{D2} ∫ d^3ξ √ −g { e^{−ϕ}ȳP^{D2}_{(−)}Γ^i∇_iy − 1 2 e^{−ϕ}ȳP^{D2}_{(−)}Γ^m∂_mϕ y − 1 4 · 3! e^{−ϕ}ȳP^{D2}_{(−)} × × ( Γ^{mnpφ}H_{mnp} − 3Γ^{mniφ}H_{mni} ) y − 1 4 ȳP^{D2}_{(−)}Γ^{miφ}F^{(2)}_{mi} y + + 1 4 · 4!

ȳP^{D2}_{(−)} ( Γ^{mnpq}F^{(4)}_{mnpq} − 4Γ^{mnpi}F^{(4)}_{mnpi} ) y } , (3.7)

and we have used

F^{(4)} = dC^{(3)} − C^{(1)} ∧ H , H = db , P^{D2}_{(−)} = 1 2 ( 1 − 1 3! √ −g ϵ^{ijk}Γ_{ijk} )

F^{(2)} = dC^{(1)} , Γ^φ = Γ^{01...9} , ∇_iy = [ ∂_i + 1 4 w_{iab}Γ^{ab} ] y . See appendix B for the remaining supergravity definitions.

The full action is given by (3.6) and (3.7) together. Note that we have not fixed k-symmetry and that the Majorana fermion y still has 32 real components.

4. T-duality rules

In this section, we introduce the notation and rules necessary to perform the T-duality transformation in the fermionic part of the Dp-brane action. To do so, it is convenient to rewrite the corresponding world-volume theories in terms of combinations of the 10D supergravity fields that transform covariantly under T-duality. We will also need some basic rules to deal with the pullback on the branes of the supergravity fields.

We will perform the T-duality using the Hassan formalism^5 [9]. In this approach, the T-duality transformations are strongly related to the supersymmetry transformations of the gravitino (δψ_m ∼ D_mϵ ) and the dilatino (δλ ∼ Δϵ). These supersymmetry transformations involve the following operators acting on 10D Majorana spinors in type IIA supergravity (see appendix B):

D_m = D^{(0)}_m + W_m

Δ = Δ^{(1)} + Δ^{(2)} , (4.1)

where

D^{(0)}_m = ∂_m + 1 4 ω_{mab}Γ^{ab} + 1 4 · 2! H_{mab}Γ^{ab}Γ^φ W_m = 1 8 e^ϕ ( 1 2! F^{(2)}_{ab} Γ^{ab}Γ_mΓ^φ + 1 4! F^{(4)}_{abcd}Γ^{abcd}Γ_m )

Δ^{(1)} = 1 2 ( Γ^m∂_mϕ + 1 2 · 3! H_{abc}Γ^{abc}Γ^φ )

Δ^{(2)} = 1 8 e^ϕ ( 3 2! F^{(2)}_{ab} Γ^{ab}Γ^φ + 1 4! F^{(4)}_{abcd}Γ^{abcd} ) . (4.2)

5In [7] this formalism was shown to be consistent with the T-duality relation between type IIa and type IIb superstrings.

– 6 –

It is also convenient to decompose the Majorana spinors in terms of the Weyl spinors of type IIA and IIB. Hence, we split our Majorana spinor y into two Majorana-Weyl (MW) spinors of opposite chirality:

y = y_+ + y_− , Γ^φ y_± = ± y_± . (4.3)

When acting on MW spinors of chirality ±, the operators above take the following form,

D_{(±)m} = D^{(0)}_{(±)m} + W_{(±)m}

Δ_{(±)} = Δ^{(1)}_{(±)} + Δ^{(2)}_{(±)} , (4.4)

with

D^{(0)}_{(±)m} = ∂_m + 1 4 ω_{mab}Γ^{ab} ± 1 4 · 2! H_{mab}Γ^{ab} W_{(±)m} = 1 8 e^ϕ ( ± 1 2! F^{(2)}_{ab} Γ^{ab} + 1 4! F^{(4)}_{abcd}Γ^{abcd} ) Γ_m

Δ^{(1)}_{(±)} = 1 2 ( Γ^m∂_mϕ ± 1 2 · 3! H_{abc}Γ^{abc} )

Δ^{(2)}_{(±)} = 1 8 e^ϕ ( ± 3 2! F^{(2)}_{ab} Γ^{ab} + 1 4! F^{(4)}_{abcd}Γ^{abcd} ) . (4.5)

In the rest of this work, we will not write the subscript (±) explicitly, as it will be determined by the chirality of the spinor on which the operators act.

For type IIB supergravity theory, we have two MW spinors y_{(1,2)} of positive chirality and the following operators acting on them (the upper sign refers to y_1 while the lower one to y_2):

D̂^{(0)}_{(1,2)m} = ∂_m + 1 4 ω_{mab}Γ^{ab} ± 1 4 · 2! H_{mab}Γ^{ab} Ŵ_{(1,2)m} = 1 8 e^ϕ ( ∓F^{(1)}_a Γ^a − 1 3! F^{(3)}_{abc}Γ^{abc} ∓ 1 4! F_{abcd}Γ^{abcd} ) Γ_m

Δ̂^{(1)}_{(1,2)} = 1 2 ( Γ^m∂_mϕ ± 1 2 · 3! H_{abc}Γ^{abc} )

Δ̂^{(2)}_{(1,2)} = 1 2 e^ϕ ( ±F^{(1)}_a Γ^a + 1 2 · 3!

F^{(3)}_{abc}Γ^{abc} ) . (4.6)

As for the type IIA operators, we will suppress the subscript (1, 2). This subscript is determined by the spinor on which the operators act.

4.1 T-duality rules for background fields

We wish to apply T-duality along the 9th direction. Let us introduce the following useful objects ( m̂, n̂ = 0, . . . , 8) Ω = 1 √ g_{99}

Γ^φΓ_9 ⇒ Ω^2 = −1 E_{mn} = g_{mn} + b_{mn}

– 7 –

(Q_±)^m_n = ( ∓g_{99} ∓(g ∓ b)_{9n̂} 0 1_9 )

(Q^{−1}_± )^m_n = ( ∓g^{−1}_{99} −g^{−1}_{99} (g ∓ b)_{9n̂} 0 1_9 ) . (4.7)

The T-duality rules for E_{mn} and ϕ are,^6 Ẽ_{m̂n̂} = E_{m̂n̂} − E_{m̂9}g^{−1}_{99} E_{9n̂} Ẽ_{m̂9} = E_{m̂9}g^{−1}_{99} Ẽ_{9m̂} = −E_{9m̂}g^{−1}_{99} Ẽ_{99} = g^{−1}_{99} ϕ̃ = ϕ − 1 2 lng_{99} . (4.8) For the transformation of the vielbein and the spinors, we will use the Hassan conventions to avoid ambiguities.^7 The transformation rules for the vielbein are ẽ^m_a ≡ e^m_{(−)a} = (Q_−)^m_ne^n_a ⇒ ẽ^a_m ≡ e^a_{(−)m} = (Q^{−1}_− )^n_me^a_n . (4.9) We will also need the alternative transformed vielbein e^m_{(+)a} = (Q_+)^m_ne^n_a = Λ^b_ae^m_{(−)b} ⇒ e^a_{(+)m} = (Q^{−1}_+ )^n_me^a_n = e^b_{(−)m}Λ_b^a , (4.10) and the transformation rules for the RR potentials C^{(n)} C̃^{(n)}_{9m̂2···m̂n} = C^{(n−1)}_{9m̂2···m̂n} − (n − 1)g^{−1}_{99} g_{9[m̂2} C^{(n−1)}_{9m̂3···m̂n]} , C̃^{(n)}_{m̂1···m̂n} = C^{(n+1)}_{9m̂1···m̂n} − nb_{9[m̂2}C̃^{(n)}_{9m̂2···m̂n]} . (4.11)

Therefore going from IIA to IIB, we have: y_+ = y_1 ⇒ ȳ_+ = ȳ_1 y_− = −Ωy_2 ⇒ ȳ_− = ȳ_2Ω

D^{(0)}_m y_+ = (Q^{−1}_+ )^n_m(D̂^{(0)}_n y_1) D^{(0)}_m y_− = −Ω(Q^{−1}_− )^n_m(D̂^{(0)}_n y_2) W_my_+ = −Ω(Q^{−1}_− )^n_m(Ŵ_ny_1) W_my_− = (Q^{−1}_+ )^n_m(Ŵ_ny_2)

Δ^{(1)}y_+ = Δ̂^{(1)}y_1 − g^{−1}_{99} Γ_9D̂^{(0)}_9 y_1 Δ^{(1)}y_− = −Ω(Δ̂^{(1)}y_2 − g^{−1}_{99} Γ_9D̂^{(0)}_9 y_2) Δ^{(2)}y_+ = −Ω(Δ̂^{(2)}y_1 − g^{−1}_{99} Γ_9Ŵ_9y_1) Δ^{(2)}y_− = Δ̂^{(2)}y_2 − g^{−1}_{99} Γ_9Ŵ_9y_2 . (4.12)

6Here and in the rest of this work, we place a tilde over the transformed fields to remove ambiguity when needed._7

Recall that there are two possible choices e^m_{(±)a} for the transformed vielbein, related by a Lorentz transformation Λ^ba.

– 8 –

Conversely, going from IIB to IIA we have

y_1 = y_+ ⇒ ȳ_1 = ȳ_+ y_2 = Ωy_− ⇒ ȳ_2 = −ȳ_−Ω

D̂^{(0)}_m y_1 = (Q^{−1}_+ )^n_m(D^{(0)}_n y_+) D̂^{(0)}_m y_2 = Ω(Q^{−1}_− )^n_m(D^{(0)}_n y_−) Ŵ_my_1 = Ω(Q^{−1}_− )^n_m(W_ny_+) Ŵ_my_− = (Q^{−1}_+ )^n_m(W_ny_−)

Δ̂^{(1)}y_1 = Δ^{(1)}y_+ − g^{−1}_{99} Γ_9D^{(0)}_9 y_+ Δ̂^{(1)}y_2 = Ω(Δ^{(1)}y_− − g^{−1}_{99} Γ_9D^{(0)}_9 y_−) Δ̂^{(2)}y_1 = Ω(Δ̂^{(2)}y_+ − g^{−1}_{99} Γ_9W_9y_+) Δ̂^{(2)}y_2 = Δ^{(2)}y_− − g^{−1}_{99} Γ_9W_9y_− . (4.13)

4.2 T-duality rules for pulled-back quantities Once again we will need to fix some conventions. We use world-sheet coordinates ξ^i (i = 0, . . . , p) on the Dp-brane and ξ^I (i = 0, . . . , p, 9) on the D(p + 1)-brane. We also fix the static gauge x^i(ξ) = ξ^i for the Dp-brane and x^I (ξ) = ξ^I for the D(p + 1)-brane. We adopt Myers’ notation [10] for the pull-back (m̃ = p + 1, . . . , 9, m̂ = p + 1, . . . , 8):

P_{Dp}[M_i] = ∂_ix^mM_m = M_i + ∂_ix^{m̃}M_{m̃} P_{D(p+1)}[M_I ] = ∂_I x^mM_m = M_I + ∂_I x^{m̂}M_{m̂} , (4.14)

and P_{Dp}[g^{ij} ] stands for the inverse of P_{Dp}[g_{ij} ].

As above, we consider the field f_{ij} = P_{Dp}[B_{ij} ] + F_{ij} to be of order O(y^2) for any Dpbrane and we neglect the interaction terms of order O(y^3). The T-duality transformation rules for the pulled-back fields are then straightforward but tedious to derive. Since they are not very illuminating and may result in a undesired distraction for the reader, we have relegated them to appendix C.

5. Dp-brane actions

The T-duality rules described in the previous section, allow us to obtain any of the type II super D-brane actions from the D2-brane action of equation (3.6) and (3.7). To do this, we first use the well-known fact that the bosonic Dp-brane actions follow by T-duality from that of the bosonic D2-brane, i.e. iT_{D2} ∫ d^3ξe^{−ϕ} √ −(g + f) → iT_{Dp} ∫ d^{p+1}ξe^{−ϕ} √ −(g + f) , (5.1) and T_{D2} ∫ Σ_n C^{(n)} e^{−f} → T_{Dp} ∫ Σ_n C^{(n)} e^{−f} , (5.2)

– 9 – where T_{Dp} = 2π[(2πl_s)^{p+1}g_s]^{−1}. Second, we rewrite the fermionic part of the action (3.7) in a much more compact, elegant, and appropriate form for the study of T-duality,

S^{(2)}_{D2} = iT_{D2} ∫ d^3ξ e^{−ϕ} √ −g ȳ P^{D2}_{(−)}(Γ^iD_i − Δ)y , (5.3)

using the definitions introduced in the previous section. Finally, we observe that, up to interacting terms in f and y, under T-duality we have iT_{D2} ∫ d^3ξe^{−ϕ} √ −g · · · → iT_{Dp} ∫ d^{p+1}ξe^{−ϕ} √ −g · · · . (5.4) Hence, we need only study the T-duality transformation of the quadratic terms in y to obtain all the fermionic parts of the Dp-brane actions.

Let us consider the case of a T-duality transformation to the D3-brane; i.e. a T-duality along a direction x^9 transverse to the original D2-brane. To do so, we separate the fermion y in two fermions of opposite chirality y = y_+ + y_−. Then, using the definitions introduced in the previous section, we have

ȳ P^{D2}_{(−)} ( Γ^iD_i − Δ ) y = 1 2 { ȳ_+ ( Γ^iD^{(0)}_i − Δ^{(1)} ) y_+ − ȳ_+Γ_{D2} ( Γ^iW_i − Δ^{(2)} ) y_+ + + ȳ_− ( Γ^iW_i − Δ^{(2)} ) y_+ − ȳ_−Γ_{D2} ( Γ^iD^{(0)}_i − Δ^{(1)} ) y_+ +

+ ȳ_+ ( Γ^iW_i − Δ^{(2)} ) y_− − ȳ_+Γ_{D2} ( Γ^iD^{(0)}_i − Δ^{(1)} ) y_− + + ȳ_− ( Γ^iD^{(0)}_i − Δ^{(1)} ) y_− − ȳ_−Γ_{D2} ( Γ^iW_i − Δ^{(2)} ) y_− } . (5.5)

Consider for example the term ȳ_+(Γ^iD^{(0)}_i − Δ^{(1)})y_+. This may be rewritten more explicitly as follows:

ȳ_+P_{D2} [ g̃^{ij} ] P_{D2} [ Γ_{(−)i} ] P_{D2} [ D^{(0)}_j y_+ ] − ȳ_+Δ^{(1)}y_+ . (5.6)

It is convenient to regard the result (5.6) as having been obtained by applying T-duality to a D3-brane, so that our goal is to reconstruct the “original” type IIB term in the D3-brane action. Applying the rules of the previous section and appendix C, one finds that, up to interaction terms in f and y, we have

ȳ_+P_{D2} [ g̃^{ij} ] P_{D2} [ Γ_{(−)i} ] P_{D2} [ D^{(0)}_j y_+ ] = = ȳ_1P_{D3} [ g^{ij} ] P_{D3} [Γ_i] P_{D3} [ D̂^{(0)}_j y_1 ] − − ȳ_1P_{D3} [ g^{ij} ] P_{D3} [Γ_9] P_{D3} [g_{99}]^{−1} P_{D3} [g_{9i}] P_{D3} [ D̂^{(0)}_j y_1 ] − − ȳ_1P_{D3} [ g^{ij} ] P_{D3} [Γ_i] P_{D3} [g_{99}]^{−1} P_{D3} [g_{9j} ] P_{D3} [ D̂^{(0)}_9 y_1 ] + + ȳ_1P_{D3} [ g^{ij} ] P_{D3} [Γ_9] P_{D3} [g_{99}]^{−1} P_{D3} [g_{9i}] P_{D3} [g_{9j} ] P_{D3} [ D̂^{(0)}_9 y_1 ] , and ȳ_+Δ^{(1)}y_+ = ȳ_1Δ̂^{(1)}y_1 − P_{D3} [Γ_9] P_{D3} [g_{99}]^{−1} [ D̂^{(0)}_9 y_1 ] . (5.7)

– 10 –

Now for any matrix M_{IJ} with inverse M^{IJ} , one has the identities

M^{i9} = −(M_{99})^{−1}M^{ij} M_{j9} M^{99} = (M_{99})^{−1} + (M_{99})^{−2}M_{9i}M^{ij} M_{j9} , (5.8)

from which we obtain

ȳ_+P_{D2} [ g̃^{ij} ] P_{D2} [ Γ_{(−)i} ] P_{D2} [ D^{(0)}_j y_+ ] − ȳ_+Δ^{(1)}y_+ =

= ȳ_1P_{D3} [ g^{IJ} ] P_{D3} [Γ_I ] P_{D3} [ D̂^{(0)}_J y_1 ] − ȳ_1Δ̂^{(1)}y_1 . (5.9)

All other terms of the fermionic D2-brane action transform similarly. The fermionic part of the D3-brane action is thus

S^{(2)}_{D3} = i 2 T_{D3} ∫ d^4ξe^{−ϕ} √ −g { ȳ_1 ( Γ^ID̂^{(0)}_I − Δ̂^{(1)} ) y_1 +

+ iȳ_1Γ_{D3} ( Γ^IŴ_I − Δ̂^{(2)} ) y_1 + ȳ_2 ( Γ^IŴ_I − Δ̂^{(2)} ) y_1 −

− iȳ_2Γ_{D3} ( Γ^ID̂^{(0)}_I − Δ̂^{(1)} ) y_1 + ȳ_1 ( Γ^IŴ_I − Δ̂^{(2)} ) y_+

+ iȳ_1Γ_{D3} ( Γ^ID̂^{(0)}_I − Δ̂^{(1)} ) y_2 + ȳ_2 ( Γ^ID̂^{(0)}_I − Δ̂^{(1)} ) y_2 −

− iȳ_2Γ_{D3} ( Γ^IŴ_I − Δ̂^{(2)} ) y_2 } , (5.10)

where we have introduced

Γ_{D3} = −i 4! √ −P_{D3}[g] ϵ^{IJKR}P_{D3} [Γ_{IJKR}] . (5.11)

To rewrite S^{(2)}_{D3} in more compact form, we define the quantities y = ( y_1 y_2 )

D̆_m = D̂^{(0)}_m + σ_1 ⊗ Ŵ_m Δ̆ = σ_1 ⊗ Δ̂^{(1)} + Δ̂^{(2)}

P^{D3}_{(−)} = 1 2 (1 − σ_2 ⊗ Γ_{D3}) , (5.12)

where σ_1, σ_2 are the standard Pauli matrices described in appendix A. Hence the final form for the fermionic part of the D3-brane actions is

S^{(2)}_{D3} = iT_{D3} ∫ dξ^4 e^{−ϕ} √ −g ȳ P^{D3}_{(−)}(Γ^ID̆_I − Δ̆)y . (5.13)

One obtains the action for any other D-branes analogously. After a long but straightforward calculation, one finds the following general action for any Dp-brane:^8 S_{Dp} = −T_{Dp} ∫ d^{p+1}ξe^{−ϕ} √ − det(g + f) + T_{Dp} ∫ Σ( C e^{−f} ) + +iT_{Dp} ∫ d^3ξ e^{−ϕ} √ −g ȳ P^{Dp}_{(−)} ( Γ^iD̆_i − Δ̆ ) y , (5.14)

8Recall that we use the superspace convention for differential forms, i.e. w^{(p)} =^1_{p!} dx^{m1} ∧ · · · ∧ dx^{mp} wm_p ···m_1 , which arises naturally from the Hassan formalism.

– 11 – where,

for p odd:

D̆_m = D̂^{(0)}_m + σ_1 ⊗ Ŵ_m , Δ̆ = σ_1 ⊗ Δ̂(1) + Δ̂(2)

y = ( y_1 y_2 ) , (5.15)

while for p even:

D̆_m = D_m , Δ̆ = Δ

y = (y_+ + y_−) .

(5.16)

In addition, P^{Dp}_{(−)} =^1_2 (1 − Γ̆_{Dp}), where Γ̆_{Dp} is given by,

Γ̆_{D(4q)} = 1 (4q + 1)! √ −g ϵ^{i1...i(4q+1)} Γ_{i1...i(4q+1)} Γ^φ , Γ̆_{D(4q+2)} = 1 (4q + 3)! √ −g ϵ^{i1...i(4q+3)} Γ_{i1...i(4q+3)} , Γ̆_{D(4q+1)} = −σ_1 ⊗ 1 (4q + 2)! √ −g ϵ^{i1...i(4q+2)} Γ_{i1...i(4q+2)} , Γ̆_{D(4q+3)} = −σ_2 ⊗ i (4q + 4)! √ −g ϵ^{i1...i(4q+4)} Γ_{i1...i(4q+4)} , (5.17)

for q = (0, 1, 2).

6. Summary

In this work we have expressed the Dp-brane actions in terms of component fields, neglecting interactions between fermions and the field f. Modulo these neglected terms, we have worked to second order in the fermions about an arbitrary bosonic supergravity background. Again modulo the neglected terms, these actions are k-symmetric by construction, though we have reserved the detailed relation to rigid supersymmetry for a future work [1]. We have used normal coordinate expansion techniques, which allowed us to write the full second order expansion in terms of covariant tensors. We have also obtained the T-duality rules for these actions using the formalism of Hassan [9]. We emphasize that our results, i.e. (5.14), yield the first explicit component-field presentation of these actions in generic bosonic backgrounds. We have not fixed k-symmetry, and all terms are covariant under bulk space-time transformations.

Our methodology was as follows. First, the M2-brane k-symmetric action was expanded using normal coordinates up to second order in the fermions following [6]. Next, we performed a single dimensional reduction to obtain the D2-brane action. Finally, by means of the T-duality map, we recovered the Dp-brane actions for all other p.

A forthcoming paper [1] will compute the neglected interaction terms between gauge fields and fermions. A detailed discussion of the k-symmetries and supersymmetries will also be presented. Such a treatment requires consideration of many details of gauge fixing schemes which we were able to avoid here.

– 12 –

Acknowledgments

We thank M. Grisaru, R. Myers and D. Zanon for useful discussions. L. Martucci and P.J. Silva were partially supported by INFN, MURST and by the European Commission RTN program HPRN-CT-2000-00131, in association with the University of Torino. D. Marolf and P.J. Silva were supported in part by NSF grant PHY00-98747 and by funds from Syracuse University.

A. Spinor conventions and Γ matrix algebra

This appendix is a list of spinor conventions.

In 11D superspace, we denote the general supercoordinates by z^M , where M runs over the bosonic coordinates x^m, and fermionic coordinates θ^μ. Thus the curved index M splits into M = (m, μ), where m = 0, 1, . . . , 10, μ = 1, 2, . . . , 32. We use A = (a, α) for tangent space indices and we underline explicit tangent space indices (e.g., 0, 1, etc. ), to differentiate them from explicit space-time indices.

We take the metric to have signature (−, +, . . . , +) and use the Clifford algebra

{Γ^a, Γ^b} = 2η^{ab} , (A.1)

where Γ^a are real gamma matrices and η^{ab} is the 11D Minkowski metric. We also set ϵ^{01...} = 1 and use the notation Γ_{a1...an} = Γ_{[a1} . . . Γ_{an]} denoting antisymmetrization with weight one; e.g. Γ_{01} =^1_2 (Γ_0Γ_1 − Γ_1Γ_0) = Γ_0Γ_1.

We use real Majorana anticommuting spinors of 32 components, denoted y^α or θ^μ. The conjugation operation is defined by, ȳ = y^T C , ȳ_β = y^αC_{αβ} , (A.2)

where T corresponds to transpose matrix multiplication; e.g. y^αC_{αβ} instead of C_{αβ}y^β, and C_{αβ} is the antisymmetric charge conjugation matrix with inverse C^{αβ}. The indices of a spinor and a bispinor M^α_β are lowered and raised via matrix multiplication by C so that we have C_{αβ}C^{βγ} = δ^γ_α , M^β_α = C_{αγ} M^γ_δC^{δβ} , θ̄Mξ = θ̄_αM^α_βξ^β = θ^αM_{αβ} ξ^β . (A.3)

We take C = Γ^0. It should also be noted that for Majorana spinors like y, any expression ȳΓ_{a1...an} y vanishes for n = (1, 2, 5, 6, 9, 10) but in general is non-vanishing for n = (0, 3, 4, 7, 8). For Majorana-Weyl spinors, only the corresponding expressions for n = (3, 7) are non-vanishing.

Once one of the directions, say x^{10}, has been compactified and the corresponding Γ^{10} is identified with the chiral gamma matrix Γ^φ, the fermionic coordinates appearing in 11D

– 13 – supergravity can be decomposed into two Majorana Weyl spinors (each of which we write in 32-component form). Thus in type IIA we may write

y = y_+ + y_− where Γ^φy_± = ±y_± . (A.4)

In type IIB, we choose the two 32 real component chiral spinors y_1, y_2 to have positive chirality, and we write them together as a 64-component spinor of the form ( y_1 y_2 ) . (A.5)

Taking the tensor products of the 32 × 32 component Γ matrices with the 2 × 2 identity operator yields the 64 × 64 matrices

Γ^a = ( Γ^a 0 0 Γ^a ) . (A.6)

Finally, we use the usual Pauli matrices,

σ^1 = ( 0 1 1 0 ) σ^2 = ( 0 −i i 0 ) σ^3 = ( 1 0 0 −1 ) .

B. Supergravity

This appendix is a list of supergravity conventions. We emphasizethat in all this paper we use the superspace convention for differential forms i.e.

w^{(p)} = 1 p! dx^{m1} ∧ · · · ∧ dx^{mp} w_{mp···m1} . B.1 11D supergravity

Here we borrow some of the conventions and definitions directely from Grisaru and Knutt [6]. We also use bold letters for pulled-back superfields in the main body of the paper.

The theory is described in terms of the vielbein E^A(x, θ) = dZ^M E_M^A and threeform A = (1/3!)E^C E^B E^AA_{ABC} satisfying torsion constraints and field-strength constraints respectively [12, 13]:

(a) T_{αβ}^c = −i(Γ^c)_{αβ} (b) T_{αβ}^γ = T_{αb}^c = T_{ab}^c = 0 (c) H_{αβγδ} = H_{αβγd} = H_{αbcd} = 0 (d) H_{αβcd} = i(Γ_{cd})_{αβ} (B.1)

with H = dA = (1/4!)E^D E^C E^B E^AH_{ABCD} and H_{ABCD} = ∑ (ABCD) ∇_AA_{BCD} + T_{AB}^EA_{ECD} . (B.2)

– 14 –

These constraints put the theory on shell. From the Bianchi identities DT^A = E^B R_B^A, DR_A^B = 0 and dH = 0, or ∑ (ABC) ( R_{ABC}^D − ∇_AT_{BC}^D − T_{AB}^ET_{EC}^D ) = 0 ∑ (ABCD) ( ∇_AR_{BCD}^E + T_{AB}^F R_{F CD}^E ) = 0 ∑ (ABCDE) ( ∇_AH_{BCDE} + T_{AB}^F H_{F CDE} ) = 0 (B.3)

one derives expressions for the remaining components of the torsion and curvature.

(e) T_{aβ}^γ = 1 36 ( δ^b_aΓ^{cde} + 1 8 Γ_a^{bcde} ) β γ H_{bcde} (f) T_{ab}^α = i 42 ( Γ^{cd} )_{αβ} ∇_βH_{abcd} (g) ( Γ^{abc} ) αβ T_{bc}^β = 0 (B.4) (h) R_{ab,γ}^δ = ∇_aT_{bγ}^δ − ∇_bT_{aγ}^δ + ∇_γ T_{ab}^δ + T_{aγ}^ϵT_{bϵ}^δ − T_{bγ}^ϵT_{aϵ}^δ (i) R_{αb,cd} = i 2 [ (Γ_b)_{αβ} T_{cd}^β − (Γ_c)_{αβ} T_{db}^β + (Γ_d)_{αβ} T_{cb}^β ]

(j) R_{αβ,ab} = − i 6 [ (Γ^{cd})_{αβ}H_{abcd} + i 24 (Γ_{abcdef} )_{αβ} H^{cdef} ] (B.5)

with R_{ABγ}^δ = 1 4 R_{ABcd} ( Γ^{cd} ) γ δ . (B.6)

We will need the following additional consequences of the Bianchi identities: (k) ∇_αH_{bcde} = −6i(Γ_{[bc})_{αβ} T_{de]}^β (l) ∇_αR_{bc,de} = ∇_bR_{αc,de} − ∇_cR_{αb,de} + T_{bα}^γ R_{γc,de} − T_{cα}^γ R_{γb,de} − T_{bc}^βR_{βα,de}(B.7) which can be used to relate higher components (in θ) of field strengths and curvatures to lower components.

We also note the three-form equation of motion, ∇^aH_{abcd} = − 1 1728 ε_{bcde1···e8} H^{e1···e4} H^{e5···e8} . (B.8) This is a consequence of the constraints.

Finally, we should state that all quantities in the expansion are evaluated at z^M = (x^m, 0) so that they involve only the θ = 0 components of the superfields and their derivatives. In particular we have (in Wess-Zumino gauge but in fact our expansion is completely supergravity gauge-covariant), with E_M^A| = E_M^A(x, 0)

E_m^a| = e_m^a(x) E_m^α| = ψ^α_m(x) = 0 E_μ^a| = 0 E_μ^α| = δ^α_μ (B.9)

– 15 – as well as T_{cd}^α| = ψ̂^α_{cd} = 0 , (B.10)

the supercovariantized gravitino field strength. We also note that the choice of Wess-Zumino gauge implies that the spinor covariant derivative connection vanishes at θ = 0, (see, for example, Superspace [14, eq. (5.6.8)])

ω_{αβ}^γ | = 0 . (B.11)

B.2 10D supergravity

Here we use basically the same convention as in [11, 9].

First, we note that two types of RR field strength appear in the literature of type II supergravity. In addition to dC^{(n)}, it is also useful to introduce the following field strength definitions:

F^{(1)} = dC^{(0)} F^{(2)} = dC^{(1)} F^{(3)} = dC^{(2)} − C^{(0)} H F^{(4)} = dC^{(3)} − C^{(1)} ∧ H F^{(5)} = dC^{(4)} − C^{(2)} ∧ H . (B.12)

The type IIA bosonic part of the action is given by S_{IIA} = 1 2κ^2_{10} ∫ d^{10}x √ −g { e^{−2ϕ} [ R+4(∂ϕ)^2 − 1 2 · 3!

H^2 ] − 1 2 · 2! ( F^{(2)}

)_2 − 1 2 · 4! ( F^{(4)}

)_2 } + + 1 4κ^2_{10} ∫ b ∧ dC^{(3)} ∧ dC^{(3)} (B.13)

and the supersymmetry transformations for the gravitino ψ_m and dilatino λ are δψ_m = [ ∂_m + 1 4 ω_{mab}Γ^{ab} + 1 4 · 2!

H_{mab}Γ^{ab}Γ^φ +

+ 1 8 e^ϕ ( 1 2! F^{(2)}_{ab} Γ^{ab}Γ_mΓ^φ + 1 4! F^{(4)}_{abcd}Γ^{abcd}Γ_m )] ϵ ,

δλ = [ 1 2 ( Γ^m∂_mϕ + 1 2 · 3! H_{abc}Γ^{abc}Γ^φ ) + 1 8 e^ϕ ( 3 2! F^{(2)}_{ab} Γ^{ab}Γ^φ + 1 4! F^{(4)}_{abcd}Γ^{abcd} )] ϵ .(B.14)

The type IIB bosonic part of the action is given by

S_{IIB} = 1 2κ^2_{10} ∫ d^{10}x √ −g { e^{−2ϕ} [ R + 4(∂ϕ)^2 − 1 2 · 3!

H^2 ] − 1 2 ( F^{(1)}

)_2 − 1 2 · 3! ( F^{(3)}

)_2 −

− 1 4 · 5! ( F^{(5)}

)_2} + 1 4κ^2_{10} ∫ b ∧ dC^{(2)} ∧ dC^{(4)} (B.15)

– 16 – and the supersymmetry transformations for the gravitino ψ_m and dilatino λ are,

δψ_{(1,2)m} = [ ∂_m + 1 4 ω_{mab}Γ^{ab} ± 1 4 · 2! H_{mab}Γ^{ab} +

+ 1 8 e^ϕ ( ∓F^{(1)}_a Γ^a − 1 3! F^{(3)}_{abc}Γ^{abc} ∓ 1 4! F_{abcd}Γ^{abcd} ) Γ_m ] ϵ_{(1,2)} ,

δλ_{(1,2)} = [ 1 2 ( Γ^m∂_mϕ ± 1 2 · 3! H_{abc}Γ^{abc} ) + 1 2 e^ϕ ( ±F^{(1)}_a Γ^a + 1 2 · 3!

F^{(3)}_{abc}Γ^{abc} )] ϵ_{(1,2)}.(B.16)

In the above expressions κ_{10} = 2π[(2πl_s)^8g^2_s ]^{−1} and for the type IIB case, we use the convention that the self duality constraint on F^{(5)} is imposed by hand at the level of the equations of motion.

C. Useful formulas for pulled-back fields

Here we collect some useful results on the T-duality transformation rules for the pulled-back fields. As in the main text, we use f ∼ O(y).

C.1 From Dp to D(p+1)

Applying the rules for the pulled-back fields introduced in section 4.2, remembering that x^9 ↔ A_9 under T-duality, and neglecting terms of order O(y) we find, P_{Dp} [ e^a_{(−)i} ] = P_{D(p+1)}[e^a_i ] − P_{D(p+1)}[g_{99}]^{−1}P_{D(p+1)}[g_{9i}]P_{D(p+1)}[e^a_9] + O(y) P_{Dp} [ e^a_{(+)i} ] = P_{D(p+1)} [e^a_i ] − P_{D(p+1)} [g_{99}]^{−1} P_{D(p+1)} [g_{9i}] P_{D(p+1)} [e^a_9] + O(y)

P_{Dp} [g̃_{ij} ] = P_{D(p+1)} [g_{ij} ] − P_{D(p+1)} [g_{i9}] P_{D(p+1)} [g_{99}]^{−1} P_{D(p+1)} [g_{9j} ] + O(y) P_{Dp} [ g̃^{ij} ] = P_{D(p+1)} [ g^{ij} ] + O(y) . (C.1)

For p even (from IIA to IIB), we have P_{Dp} [ D^{(0)}_i y_+ ] = P_{D(p+1)} [ D̂^{(0)}_i y_1 ] − P_{D(p+1)} [g_{99}]^{−1} P_{D(p+1)} [g_{9i}] P_{D(p+1)} [ D̂^{(0)}_9 y_1 ] + O(y) P_{Dp} [ D^{(0)}_i y_− ] = −Ω ( P_{D(p+1)} [ D̂^{(0)}_i y_2 ] − P_{D(p+1)} [g_{99}]^{−1} P_{D(p+1)} [g_{9i}] P_{D(p+1)} [ D̂^{(0)}_9 y_2 ]) + + O(y) P_{Dp} [W_iy_+] = −Ω ( P_{D(p+1)} [ Ŵ_iy_1 ] − P_{D(p+1)} [g_{99}]^{−1} P_{D(p+1)} [g_{9i}] P_{D(p+1)} [ Ŵ_9y_1 ]) + + O(y) P_{Dp} [W_iy_−] = P_{D(p+1)} [ Ŵ_iy_2 ] − P_{D(p+1)} [g_{99}]^{−1} P_{D(p+1)} [g_{9i}] P_{D(p+1)} [ Ŵ_9y_2 ] + + O(y) , (C.2)

– 17 – while, for p odd (from IIB to IIA), we have P_{Dp} [ D̂^{(0)}_i y_1 ] = P_{D(p+1)} [ D^{(0)}_i y_+ ] − P_{D(p+1)} [g_{99}]^{−1} P_{D(p+1)} [g_{9i}] P_{D(p+1)} [ D^{(0)}_9 y_+ ] + + O(y) P_{Dp} [ D̂^{(0)}_i y_2 ] = Ω ( P_{D(p+1)} [ D^{(0)}_i y_− ] − P_{D(p+1)} [g_{99}]^{−1} P_{D(p+1)} [g_{9i}] P_{D(p+1)} [ D^{(0)}_9 y_− ]) + + O(y) P_{Dp} [ Ŵ_iy_1 ] = Ω ( P_{D(p+1)} [W_iy_+] − P_{D(p+1)} [g_{99}]^{−1} P_{D(p+1)} [g_{9i}] P_{D(p+1)} [W_9y_+] ) + + O(y) P_{Dp} [ Ŵ_iy_2 ] = P_{D(p+1)} [W_iy_−] − P_{D(p+1)} [g_{99}]^{−1} P_{D(p+1)} [g_{9i}] P_{D(p+1)} [W_9y_2] +

+ O(y) . (C.3)

Finally, we need the following formula ϵ^{i0...ip} (p + 1)! √ − det(P_{Dp} [g̃_{ij}]) P_{Dp} [ Γ_{(−)i0} ] · · · P_{Dp} [ Γ_{(−)ip} ] Ω = = −ϵ^{I0...Ip+1} (p + 2)! √ − det(P_{D(p+1)} [g_{IJ} ])

P_{D(p+1)} [Γ_{I0} ] · · · P_{D(p+1)} [ Γ_{Ip+1} ] Γ^φ . (C.4)

C.2 From D(p+1) to Dp

Let us define P_{Dp}[E_{9i}] = ∂_ix^mE_{9m}. Then we have the following identities P_{D(p+1)} [ e^a_{(−)i} ] = P_{Dp} [e^a_i ] − g^{−1}_{99} P_{Dp} [E_{9i}] e^a_9 P_{D(p+1)} [ e^a_{(−)9} ] = g^{−1}_{99} e^a_9

P_{D(p+1)} [ e^a_{(+)i} ] = P_{Dp} [e^a_i ] − g^{−1}_{99} P_{Dp} [E_{i9}] e^a_9 P_{D(p+1)} [ e^a_{(−)9} ] = −g^{−1}_{99} e^a_9

P_{D(p+1)} [g̃_{ij} ] = P_{Dp} [g_{ij} ] − P_{Dp} [E_{i9}] g^{−1}_{99} P_{Dp} [E_{9j} ] + O(y)

P_{D(p+1)} [g̃_{i9}] = g^{−1}_{99} P_{Dp} [E_{i9}] + O(y)

P_{D(p+1)} [g̃_{9i}] = −g^{−1}_{99} P_{Dp} [E_{9i}] + O(y)

P_{D(p+1)} [g̃_{99}] = g^{−1}_{99}

P_{D(p+1)} [ g̃^{ij} ] = P_{Dp} [ g^{ij} ] + O(y) P_{D(p+1)} [ g̃^{i9} ] = −P_{Dp} [ g^{ij} ] P_{Dp} [E_{j9}] + O(y) P_{D(p+1)} [ g̃^{i9} ] = P_{Dp} [E_{9j} ] P_{Dp} [ g^{ji} ] + O(y) P_{D(p+1)} [ g̃^{99} ] = g_{99} − P_{Dp} [E_{9i}] P_{Dp} [ g^{ij} ] P_{Dp} [E_{j9}] + O(y) . (C.5)

Note that the above equations imply P_{Dp}[E_{i9}] = −P_{Dp}[E_{9i}] + O(y).

– 18 –

For p odd (from IIA to IIB), we have P_{D(p+1)}[D^{(0)}_i y_+] = P_{Dp}[D̂^{(0)}_i y_1] − g^{−1}_{99} P_{Dp}[E_{i9}]D̂^{(0)}_9 y_1 P_{D(p+1)}[D^{(0)}_9 y_+] = g^{−1}_{99} D̂^{(0)}_9 y_1

P_{D(p+1)}[D^{(0)}_i y_−] = −Ω ( P_{Dp}[D̂^{(0)}_i y_2] − g^{−1}_{99} P_{Dp}[E_{9i}]D̂^{(0)}_9 y_2 )

P_{D(p+1)}[D^{(0)}_9 y_−] = −Ωg^{−1}_{99} D̂^{(0)}_9 y_2

P_{D(p+1)}[W_iy_+] = −Ω ( P_{Dp}[Ŵ_iy_1] − g^{−1}_{99} P_{Dp}[E_{9i}]Ŵ_9y_1 ) P_{D(p+1)}[W_9y_+] = −Ωg^{−1}_{99} Ŵ_9y_1

P_{D(p+1)}[W_iy_−] = P_{Dp}[Ŵ_iy_2] − g^{−1}_{99} P_{Dp}[E_{i9}]Ŵ_9y_2 P_{D(p+1)}[W_9y_−] = −g^{−1}_{99} Ŵ_9y_2 . (C.6) For p even (from IIB to IIA), we have P_{D(p+1)}[D̂^{(0)}_i y_1] = P_{Dp}[D^{(0)}_i y_+] − g^{−1}_{99} P_{Dp}[E_{i9}]D^{(0)}_9 y_+ P_{D(p+1)}[D̂^{(0)}_9 y_1] = g^{−1}_{99} D̂^{(0)}_9 y_+

P_{D(p+1)}[D̂^{(0)}_i y_2] = Ω ( P_{Dp}[D^{(0)}_i y_−] − g^{−1}_{99} P_{Dp}[E_{9i}]D^{(0)}_9 y_− )

P_{D(p+1)}[D̂^{(0)}_9 y_2] = Ωg^{−1}_{99} D^{(0)}_9 y_−

P_{D(p+1)}[Ŵ_iy_1] = Ω ( P_{Dp}[W_iy_+] − g^{−1}_{99} P_{Dp}[E_{9i}]W_9y_+ ) P_{D(p+1)}[Ŵ_9y_1] = Ωg^{−1}_{99} W_9y_+

P_{D(p+1)}[Ŵ_iy_2] = P_{Dp}[W_iy_−] − g^{−1}_{99} P_{Dp}[E_{i9}]W_9y_− P_{D(p+1)}[Ŵ_9y_2] = −g^{−1}_{99} W_9y_− . (C.7) Finally, ϵ^{I0...Ip+1} (p + 2)! √ − det(P_{D(p+1)}[g̃_{IJ} ])

P_{D(p+1)}[Γ_{(−)I0} ] · · · P_{D(p+1)}[Γ_{I(−)p+1} ]Ω =

= −ϵ^{i0...ip} (p + 1)! √ − det(P_{Dp}[g_{ij} ])

P_{Dp}[Γ_{i0} ] · · · P_{Dp}[Γ_{ip} ]Γ^φ . (C.8)

References

[1] D. Marolf, L. Martucci and P. J. Silva, work in progress.

[2] B. de Wit, K. Peeters and J. Plefka, Superspace geometry for supermembrane backgrounds, Nucl. Phys. B 532 (1998) 99 [hep-th/9803209].

– 19 –

[3] A. Dasgupta, H. Nicolai and J. Plefka, Vertex operators for the supermembrane, J. High Energy Phys. 05 (2000) 007 [hep-th/0003280];

J. Plefka, Vertex operators for the supermembrane and background field matrix theory, Int. J. Mod. Phys. A 16 (2001) 660 [hep-th/0009193];

K. Millar, W. Taylor and M. Van Raamsdonk, D-particle polarizations with multipole moments of higher-dimensional branes, hep-th/0007157;

M. Cvetič, H. Lu, C.N. Pope and K.S. Stelle, T-duality in the Green-Schwarz formalism and the massless/massive IIA duality map, Nucl. Phys. B 573 (2000) 149 [hep-th/9907202]; K. Peeters, P. Vanhove and A. Westerberg, Supersymmetric higher-derivative actions in ten and eleven dimensions, the associated superalgebras and their formulation in superspace, Class. and Quant. Grav. 18 (2001) 843 [hep-th/0010167];

M. Grana, D3-brane action in a supergravity background: the fermionic story, Phys. Rev. D 66 (2002) 045014 [hep-th/0202118].

[4] R. Kallosh, J. Rahmfeld and A. Rajaraman, Near horizon superspace, J. High Energy Phys.

09 (1998) 002 [hep-th/9805217];

B. de Wit, K. Peeters, J. Plefka and A. Sevrin, The M-theory two-brane in AdS_4 × S^7 and AdS_7 × S^4, Phys. Lett. B 443 (1998) 153 [hep-th/9808052]; B. de Wit, Supermembranes in curved superspace and near-horizon geometries,

hep-th/9902149;

R. Roiban and W. Siegel, Superstrings on AdS_5 × S^5 supertwistor space, J. High Energy Phys. 11 (2000) 024 [hep-th/0010104];

R.R. Metsaev, Superfield formulation of N = 4 super Yang-Mills theory in plane wave background, hep-th/0301009.

[5] I.N. McArthur, Superspace normal coordinates, Class. and Quant. Grav. 1 (1984) 233;

J.J. Atick and A. Dhar, Normal coordinates, theta expansion and strings on curved superspace, Nucl. Phys. B 284 (1987) 131;

M.T. Grisaru and D. Zanon, The Green-Schwarz superstring sigma model, Nucl. Phys. B 310 (1988) 57;

M.T. Grisaru, H. Nishino and D. Zanon, Beta functions for the Green-Schwarz superstring, Nucl. Phys. B 314 (1989) 363;

M.T. Grisaru, M.E. Knutt-Wehlau and W. Siegel, A superspace normal coordinate derivation of the density formula, Nucl. Phys. B 523 (1998) 663 [hep-th/9711120]; S.J. Gates Jr., M.T. Grisaru, M.E. Knutt-Wehlau and W. Siegel, Component actions from curved superspace: normal coordinates and ectoplasm, Phys. Lett. B 421 (1998) 203 [hep-th/9711151].

[6] M.T. Grisaru and M.E. Knutt, Norcor vs the abominable gauge completion, Phys. Lett. B 500 (2001) 188 [hep-th/0011173].

[7] L. Martucci and P.J. Silva, On type-II superstrings in bosonic backgrounds and their T-duality relation, J. High Energy Phys. 04 (2003) 004 [hep-th/0303102].

[8] P.K. Townsend, D-branes from m-branes, Phys. Lett. B 373 (1996) 68 [hep-th/9512062];

C. Schmidhuber, D-brane actions, Nucl. Phys. B 467 (1996) 146 [hep-th/9601003].

[9] S.F. Hassan, T-duality, space-time spinors and RR fields in curved backgrounds, Nucl. Phys.

B 568 (2000) 145 [hep-th/9907152]; Supersymmetry and the systematics of T-duality rotations in type-II superstring theories, Nucl. Phys. 102 (Proc. Suppl.) (2001) 77 [hep-th/0103149]; SO(D, D) transformations of Ramond-Ramond fields and space-time spinors, Nucl. Phys. B 583 (2000) 431 [hep-th/9912236].

– 20 –

[10] R.C. Myers, Dielectric-branes, J. High Energy Phys. 12 (1999) 022 [hep-th/9910053].

[11] E. Bergshoeff, R. Kallosh, T. Ortin, D. Roest and A. Van Proeyen, New formulations of D = 10 supersymmetry and D8-O8 domain walls, Class. and Quant. Grav. 18 (2001) 3359 [hep-th/0103233].

[12] L. Brink and P.S. Howe, Eleven-dimensional supergravity on the mass-shell in superspace, Phys. Lett. B 91 (1980) 384;

P.S. Howe, Weyl superspace, Phys. Lett. B 415 (1997) 149 [hep-th/9707184].

[13] E. Cremmer and S. Ferrara, Formulation of eleven-dimensional supergravity in superspace, Phys. Lett. B 91 (1980) 61.

[14] S.J. Gates, M.T. Grisaru, M. Roĉek and W. Siegel, Superspace, Addison-Wesley 1989.

– 21 –